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Preface

We want to start with few remarks predating considerably the
emerging of the idea for writing this book and our collaboration in
general. They are related to the first author’s own experience which
made him explore matrix manifolds in data analysis problems.

NTT was in an early stage of his research career, after his Ph.D. was

completed on a completely different topic. He was assigned to study
factor analysis (FA) and do some programming for a particular soft-
ware product. While working on FA, NTT realized that the most
interesting part for him is the FA interpretation and the so-called
rotation methods (see Section 4.5). NTT recognized that the main goal
of FA is to produce simple for interpretation results, which is achieved
by orthogonal rotation of some initial, usually difficult to interpret, FA
solution K (known as factor loadings matrix). However, how we can
define what is “simple for interpretation results”? The problem is
really tough, especially if you try to capture its meaning in a single
mathematical expression/formula. Because of that, a huge number of
different formulas were proposed each of them claiming to approxi-
mate in some sense the idea for “simple for interpretation results”.
In FA, these formulas are called simple structure criteria. They are
supposed to measure/quantify the simplicity of a certain FA solution.
Let f be such a criterion. Then, if K2 is simpler than K1, and if K3 is
even simpler than K2, then we should have fðK1Þ[ fðK2Þ[ fðK3Þ, or
fðK1Þ\fðK2Þ\fðK3Þ depending on the sign of f. Clearly, one would
be interested to find the solution K, for which f reaches its
smallest/largest value, and the problem smells of optimization.
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For reasons to become clear in Section 4.5, the rotation methods

transform the initial (difficult to interpret) solution K0 into another,
simpler, one K0Q, where Q is an orthogonal matrix, which gives the
name “rotation methods”. Thus, in formal terms, the rotation methods
look for an orthogonal matrix Q, such that fðK0Þ[ fðK0QÞ. The
problem stays the same no matter what rotation criterion f is con-
sidered. Thus, one needs to solve

min
Q

fðK0QÞ; ð1Þ

where Q is orthogonal and f is an arbitrary criterion.

NTT was surprised to see in the psychometric literature, e.g. Harman
(1976); Mulaik (1972), that the introduction of any new simplicity
criterion, f, was inevitably connected to a new method for solving (1).
At that moment his knowledge in optimization was quite limited, but
intuitively NTT felt that this cannot be right: a new optimization
method for every new function f. It sounded ridiculous!

And then, NTT started to look for a general approach that can work

for every f, as far as the variable Q is an orthogonal matrix. In this
way, NTT realized that the rotational problem can be naturally
defined as optimization on the matrix manifold of all orthogonal
matrices. The understanding that, in fact, all MDA problems can be
seen defined on specific matrix manifold(s) followed then straight
away.

Milton Keynes, UK Nickolay Trendafilov

Naples, Italy Michele Gallo

viii PREFACE



Contents

Preface vii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Matrix analysis and differentiation . . . . . . . . . . . . . . . . . 9

2.1 Matrix algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Vector spaces, bases, and linear maps . . . . . . . . . . . . 18

2.3 Metric, normed and inner product spaces . . . . . . . . . 22

2.4 Euclidean spaces of matrices and their norms . . . . . . 27

2.5 Matrix differentials and gradients . . . . . . . . . . . . . . . . 32

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 Matrix manifolds in MDA . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.1 Several useful matrix sets . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.1 GLðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

ix



3.1.2 OðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.1.3 Oðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.1.4 O0ðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1.5 OBðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.1.6 OBðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.1.7 Gðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Differentiable manifolds . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 Examples of matrix manifolds in MDA . . . . . . . . . . . 57

3.3.1 GLðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3.2 OðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.3.3 Oðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.4 O0ðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.5 OBðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.3.6 Gðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.4 Tangent spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.4.1 GLðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.4.2 OðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.4.3 Oðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.4.4 O0ðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.4.5 OBðnÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.4.6 OBðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.4.7 Gðn; pÞ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

x CONTENTS



3.5 Optimization on matrix manifolds . . . . . . . . . . . . . . . 69

3.5.1 Dynamical systems . . . . . . . . . . . . . . . . . . . . . 69

3.5.2 Iterative schemes . . . . . . . . . . . . . . . . . . . . . . . 72

3.5.3 Do it yourself! . . . . . . . . . . . . . . . . . . . . . . . . . . 75

3.6 Optimization with Manopt . . . . . . . . . . . . . . . . . . . . . . 77

3.6.1 Matrix manifolds in Manopt . . . . . . . . . . . . . 78

3.6.2 Solvers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

3.6.3 Portability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4 Principal component analysis (PCA) . . . . . . . . . . . . . . . 89

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4.2 Definition and main properties . . . . . . . . . . . . . . . . . . 91

4.3 Correspondence analysis (CA) . . . . . . . . . . . . . . . . . . . 96

4.4 PCA interpretation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

4.5 Simple structure rotation in PCA (and FA) . . . . . . . 100

4.5.1 Simple structure concept . . . . . . . . . . . . . . . . . 100

4.5.2 Simple structure criteria and rotation
methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.5.3 Case study: PCA interpretation via
rotation methods . . . . . . . . . . . . . . . . . . . . . . . 105

4.5.4 Rotation to independent components . . . . . . 107

CONTENTS xi



4.6 True simple structure: sparse loadings . . . . . . . . . . . . 109

4.6.1 SPARSIMAX: rotation-like sparse
loadings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.6.2 Know-how for applying SPARSIMAX . . . . . 113

4.6.3 Manopt code for SPARSIMAX . . . . . . . . . . . 115

4.7 Sparse PCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

4.7.1 Sparse components: genesis, history
and present times . . . . . . . . . . . . . . . . . . . . . . . 118

4.7.2 Taxonomy of PCA subject to ‘1 constraint
(LASSO) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

4.8 Function-constrained sparse components . . . . . . . . . . 121

4.8.1 Orthonormal sparse component loadings . . . 121

4.8.2 Uncorrelated sparse components . . . . . . . . . . 123

4.8.3 Numerical Example . . . . . . . . . . . . . . . . . . . . . 124

4.8.4 Manopt code for weakly correlated sparse
components with nearly orthonormal
loadings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.9 New generation dimension reduction . . . . . . . . . . . . . 127

4.9.1 Centroid method . . . . . . . . . . . . . . . . . . . . . . . 127

4.9.2 Randomized SVD . . . . . . . . . . . . . . . . . . . . . . . 130

4.9.3 CUR approximations . . . . . . . . . . . . . . . . . . . . 131

4.9.4 The Nyström Method . . . . . . . . . . . . . . . . . . . 132

4.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

4.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

xii CONTENTS



5 Factor analysis (FA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.2 Fundamental equations of EFA . . . . . . . . . . . . . . . . . . 143

5.2.1 Population EFA definition . . . . . . . . . . . . . . . 143

5.2.2 Sample EFA definition . . . . . . . . . . . . . . . . . . 144

5.3 EFA parameters estimation . . . . . . . . . . . . . . . . . . . . . 145

5.3.1 Classical EFA estimation . . . . . . . . . . . . . . . . 146

5.3.2 EFA estimation on manifolds . . . . . . . . . . . . . 148

5.4 ML exploratory factor analysis . . . . . . . . . . . . . . . . . . 151

5.4.1 Gradients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

5.4.2 Optimality conditions . . . . . . . . . . . . . . . . . . . 152

5.5 LS and GLS exploratory factor analysis . . . . . . . . . . . 153

5.5.1 Gradients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

5.5.2 Optimality conditions . . . . . . . . . . . . . . . . . . . 154

5.6 Manopt codes for classical ML-, LS-,
and GLS-EFA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.6.1 Standard case: W2 �Op . . . . . . . . . . . . . . . . . . 156

5.6.2 Avoiding Heywood cases: W2
[Op . . . . . . . . 158

5.7 EFA as a low-rank-plus-sparse matrix
decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

CONTENTS xiii



5.8 Sparse EFA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

5.8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

5.8.2 Sparse factor loadings with penalized
EFA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172

5.8.3 Implementing sparseness . . . . . . . . . . . . . . . . . 173

5.8.4 Numerical examples . . . . . . . . . . . . . . . . . . . . . 174

5.9 Comparison to other methods . . . . . . . . . . . . . . . . . . . 177

5.10 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181

5.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

6 Procrustes analysis (PA) . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

6.2 Orthonormal PA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

6.2.1 Orthogonal Penrose regression (OPR) . . . . . 189

6.2.2 Projected Hessian . . . . . . . . . . . . . . . . . . . . . . . 190

6.2.3 Orthonormal Penrose regression (OnPR) . . . 193

6.2.4 Ordinary orthonormal PA . . . . . . . . . . . . . . . 195

6.3 Oblique PA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

6.3.1 Basic formulations and solutions . . . . . . . . . . 196

6.4 Robust PA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

6.4.1 Some history remarks . . . . . . . . . . . . . . . . . . . 198

6.4.2 Robust OnPR . . . . . . . . . . . . . . . . . . . . . . . . . . 199

xiv CONTENTS



6.4.3 Robust oblique PA . . . . . . . . . . . . . . . . . . . . . . 200

6.4.4 PA with M-estimator . . . . . . . . . . . . . . . . . . . . 202

6.5 Multi-mode PA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

6.5.1 PCA and one-mode PCA . . . . . . . . . . . . . . . . 204

6.5.2 Multi-mode PCA and related PA
problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 204

6.5.3 Global minima on OðpÞ . . . . . . . . . . . . . . . . . . 206

6.6 Some other PA problems . . . . . . . . . . . . . . . . . . . . . . . 208

6.6.1 Average of rotated matrices:
generalized PA . . . . . . . . . . . . . . . . . . . . . . . . . 208

6.6.2 Mean rotation . . . . . . . . . . . . . . . . . . . . . . . . . . 209

6.7 PA application to EFA of large data . . . . . . . . . . . . . 215

6.7.1 The classical case n[ p . . . . . . . . . . . . . . . . . 216

6.7.2 The modern case p � n . . . . . . . . . . . . . . . . . 217

6.7.3 EFA and RPCA when p � n . . . . . . . . . . . . . 219

6.7.4 Semi-sparse PCA (well-defined EFA) . . . . . . 220

6.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

6.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225

7 Linear discriminant analysis (LDA) . . . . . . . . . . . . . . . . 229

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230

7.2 LDA of vertical data ðn[ pÞ . . . . . . . . . . . . . . . . . . . . 233

7.2.1 Standard canonical variates (CVs) . . . . . . . . 235

7.2.2 Orthogonal canonical variates (OCVs) . . . . . 240

CONTENTS xv



7.3 Sparse CVs and sparse OCVs . . . . . . . . . . . . . . . . . . . 241

7.4 LDA of horizontal data (p[n) . . . . . . . . . . . . . . . . . . 248

7.4.1 LDA through GSVD . . . . . . . . . . . . . . . . . . . . 249

7.4.2 LDA and pattern recognition . . . . . . . . . . . . . 250

7.4.3 Null space LDA (NLDA) . . . . . . . . . . . . . . . . 251

7.4.4 LDA with CPC, PLS and MDS . . . . . . . . . . . 253

7.4.5 Sparse LDA with diagonal W . . . . . . . . . . . . . 254

7.4.6 Function-constrained sparse LDA . . . . . . . . . 255

7.4.7 Sparse LDA based on minimization
of the classification error . . . . . . . . . . . . . . . . . 256

7.4.8 Sparse LDA through optimal scoring
(SLDA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

7.4.9 Multiclass sparse discriminant analysis . . . . 259

7.4.10 Sparse LDA through GEVD . . . . . . . . . . . . . . 260

7.4.11 Sparse LDA without sparse-inducing
penalty . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262

7.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 263

7.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

8 Cannonical correlation analysis (CCA) . . . . . . . . . . . . . 269

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

8.2 Classical CCA Formulation and Solution . . . . . . . . . . 270

8.3 Alternative CCA Definitions . . . . . . . . . . . . . . . . . . . . 272

8.4 Singular Scatter Matrices C11 and/or C22 . . . . . . . . . 273

xvi CONTENTS



8.5 Sparse CCA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273

8.5.1 Sparse CCA Through Sparse GEVD . . . . . . . 274

8.5.2 LS Approach to Sparse CCA . . . . . . . . . . . . . 276

8.6 CCA Relation to LDA and PLS . . . . . . . . . . . . . . . . . 277

8.6.1 CCA and LDA . . . . . . . . . . . . . . . . . . . . . . . . . 277

8.6.2 CCA and PLS . . . . . . . . . . . . . . . . . . . . . . . . . . 277

8.7 More Than Two Groups of Variables . . . . . . . . . . . . . 279

8.7.1 CCA Generalizations . . . . . . . . . . . . . . . . . . . . 280

8.7.2 CCA Based on CPC . . . . . . . . . . . . . . . . . . . . 282

8.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285

8.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286

9 Common principal components (CPC) . . . . . . . . . . . . . 289

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 290

9.2 CPC estimation problems . . . . . . . . . . . . . . . . . . . . . . . 293

9.3 ML- and LS-CPC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294

9.3.1 Gradients and optimality conditions . . . . . . . 294

9.3.2 Example: Fisher’s Iris data . . . . . . . . . . . . . . 296

9.3.3 Appendix: MATLAB code for FG
algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 297

9.4 New procedures for CPC estimation . . . . . . . . . . . . . . 299

9.4.1 Classic numerical solutions
of ML- and LS-CPC . . . . . . . . . . . . . . . . . . . . . 299

CONTENTS xvii



9.4.2 Direct calculation of individual
eigenvalues/variances . . . . . . . . . . . . . . . . . . . 300

9.4.3 CPC for known individual variances . . . . . . . 302

9.5 CPC for dimension reduction . . . . . . . . . . . . . . . . . . . . 303

9.6 Proportional covariance matrices . . . . . . . . . . . . . . . . 309

9.6.1 ML and LS proportional principal
components . . . . . . . . . . . . . . . . . . . . . . . . . . . . 309

9.6.2 Dimension reduction with PPC . . . . . . . . . . . 313

9.7 Some relations between CPC and ICA . . . . . . . . . . . . 315

9.7.1 ICA formulations . . . . . . . . . . . . . . . . . . . . . . . 315

9.7.2 ICA by contrast functions . . . . . . . . . . . . . . . 316

9.7.3 ICA methods based on diagonalization . . . . . 320

9.8 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 323

9.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 324

10 Metric multidimensional scaling (MDS)
and related methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 325

10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 326

10.2 Proximity measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327

10.3 Metric MDS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328

10.3.1 Basic identities and classic solution . . . . . . . 328

10.3.2 MDS that fits distances directly . . . . . . . . . . 330

10.3.3 Some related/adjacent MDS problems . . . . . 332

10.4 INDSCAL – Individual Differences Scaling . . . . . . . . 336

xviii CONTENTS



10.4.1 The classical INDSCAL solution and some
problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337

10.4.2 Orthonormality-constrained INDSCAL . . . . 338

10.5 DINDSCAL – Direct INDSCAL . . . . . . . . . . . . . . . . . 340

10.5.1 DINDSCAL model . . . . . . . . . . . . . . . . . . . . . . 341

10.5.2 DINDSCAL solution . . . . . . . . . . . . . . . . . . . . 342

10.5.3 Manopt code for DINDSCAL . . . . . . . . . . . . . 343

10.6 DEDICOM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 345

10.6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 345

10.6.2 Alternating DEDICOM . . . . . . . . . . . . . . . . . . 346

10.6.3 Simultaneous DEDICOM . . . . . . . . . . . . . . . . 348

10.7 GIPSCAL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 348

10.7.1 GIPSCAL model . . . . . . . . . . . . . . . . . . . . . . . 348

10.7.2 GISPSCAL solution . . . . . . . . . . . . . . . . . . . . . 351

10.7.3 Three-way GIPSCAL . . . . . . . . . . . . . . . . . . . 353

10.8 Tensor data analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

10.8.1 Basic notations and definitions . . . . . . . . . . . 355

10.8.2 CANDECOMP/PARAFAC (CP) . . . . . . . . . 358

10.8.3 Three-mode PCA (TUCKER3) . . . . . . . . . . . 360

10.8.4 Multi-mode PCA . . . . . . . . . . . . . . . . . . . . . . . 363

10.8.5 Higher order SVD (HOSVD) . . . . . . . . . . . . . 364

10.9 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 366

10.10 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 368

CONTENTS xix



11 Data analysis on simplexes . . . . . . . . . . . . . . . . . . . . . . . . . 373

11.1 Archetypal analysis (AA) . . . . . . . . . . . . . . . . . . . . . . . 374

11.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 374

11.1.2 Definition of the AA problem . . . . . . . . . . . . . 375

11.1.3 AA solution on multinomial manifold . . . . . . 376

11.1.4 AA solution on oblique manifolds . . . . . . . . . 378

11.1.5 AA as interior point flows . . . . . . . . . . . . . . . 381

11.1.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 384

11.1.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385

11.2 Analysis of compositional data (CoDa) . . . . . . . . . . . 388

11.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 388

11.2.2 Definition and main properties . . . . . . . . . . . 389

11.2.3 Geometric clr structure of the data
simplex . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 391

11.2.4 PCA and sparse PCA for compositions . . . . 394

11.2.5 Case study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 396

11.2.6 Manopt code for sparse PCA of CoDa . . . . . 397

11.2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401

11.2.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 403

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 441

xx CONTENTS


