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Preface 

Over the last two or three clecadcs, elliptic cnIves have becll playing an Îu
creasingly important roll' bath in nUmbl'I theory and in rdated fields sueh as 
cryptography. For cxamplc, in the 19Sfb, (Illiptic CUIves startcd bcing nscd 
in cryptography and clliptic curvc techniques were devcloped for fadorizatioll 
and primulity tcsting. III the 1980s and 1990s, clliptic ('UIVe::-; played an impor
tant role in the proof of Fermat '8 Last TbeorclIl. The goal of the prel:icnt book 
is to develop the thcory of clliptic curvcs a .. '3:3uming only IIloucst backgrouudti 
in elementary llmnber tlwory and in group:3 and fields, approximatc1y what 
would lw covered in Ct strollg llndergraduate or beginning graduatc ahst.rac:t. 
algebra (,OUIse. In particlllar, \ve do not aS:illme the reader has seen any al
gcbraic geometr:v. Except for a few isolated sections, which can be omit.t,ed 
if desired, we do Hot assume the reader kuows Galois theory. vVe implieitly 
use Galois theor:v for fiuite fields, but in t his case everytJling can be donc 
explicitl:v in tenus of thf' Frobenius map so t.he general thcory is not. lwcdcd. 
The relevant factl-i are pxplaiIwd in an appendix. 

The book provides an illtronuctioll t.o bmh the cryptographie- sille and the 
lItuIlber theoretie side of elliptic curves. For this reason, we treat elliptic 
CUfVes over fillite fielùs carly in the book. IHlmely in Chapt el' 4. This immedi
ate]y leads iuto the ùil-icrct..e lo/!,arithm problern and cr:vptography in Chapten; 
5. 6~ and 7. TILl' reader only interested in cryptograph:v ('an subsf'quently 
skip to Chaptf'rs 10 and Il, where cOlIlplex multiplication and the \Veil and 
Tate-Licht,ellhaum pairings ;UT' di:::('ussed. But surcl:v anyone who beCOInf'1-i an 
expert in cryptographie applications will have a littlc curiosity a,,-; to how ellip
tic Cllrves are used in number t.heory. Similarly, a. 1l00HJ.pplicatiolls oriellted 
n~ader could skip Chaptprs 5, G, and 7 and jump straight into tlH' IlllIlü>pr 
theory in Chapters 8 and beyond. BuL thC' cryptographie applications are 
interesting and provide examples for how the theor'y nUl be lll::ied, 

There arc several fine books on elliptic cnrves already in the literatllre. Thb 
book in 110 way il-i illtended to replace Silverman's excellent two volumes [90], 
[92], which arC' the standard rcferencps for the Humber theoretic aspects of 
ellipt.ir: cllrvcs. Instead, the present book covers SOIne of the 1jame material, 
plus applications to crypt.ograph:v, froIll a lllore elementary viewpoint. It is 
hoped that readcrs of this hook will suhspquelltly find Silverman's books more 
ac('el-i~:5Îble and will appreciate t,heir slightly more advallced approach. The 
books by Knapp [47] and Kohlitz [49] should be consultecl for an approach to 
t.he arithmetic of elliptic c:urves that il::! IllOrE' allalytic than eit,her this book or 
[90]. For the cryptographie aspects of elliptic curves, there is the rccent book of 
Blake ct al. [7], which gives more details on several algorithms than the prespnt 
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\1 

IHJok, Iml. C()IlLlillS f('"\\- l'l"uu/'s. It ;-;hotlld ])(' (,()lICi1l1kd Ily ~('ri()w"; ~1.11d(,lll~ ur 

('IJiptic curn' n.yp1.ograph,\ \Vl' Itopt' t.!mt Ill\' pn's('Il!, book p['()vides a )..';UUI[ 

introductÎoll t() illid ('xplamdioJ\ (If tlw lllatlwl!I,ltÎCS ll:·;cd il! that huok. 'l'hl' 

h()oks Il.\" Etl)..'/, [2.'\]. l\.uhlît1. lrd 1. li)O~, <lml l\kll(,zcs [li.~l :dso trei'l.t cllipti(, 

CIll"Yl':-- J'mltl il ('I"ypl()~r;-t.phi(' vî(·wp()Îll.t. aud nUI Il{' pro!i1.ilhly ('ollsll!t('d. 

Notation. TIH' SYlllbols Z. F'I' Q. R. C dc()ot.c 1.11(' îllü~~('rs. thp huitc 
tî(~ld wit h Il ('!('11H'llls. Lh(' t<l1.jollaL'-i. t,iw 1"('(\1:-:, and 1\](' ('()luph'x III Lltil)('!"s. 

I"('spcctiv('jy. \VI' 11<1\'(" lIsl'rI ZII (rnJ]H'r 1.l1illl Z/J/Z) 10 dCHot(' t,l\(' iutcglT!-1 

1110d Il. H()WI'\"{'L \\'lwll Il is ;) prill}\, and \V(' an' workillg \vith Z,! a:-; <1 field, 
ra1.lH'l" l.hall iLe.; il group OI" rillg, wc Wl(' FI' ill ()rdN 1.0 n'Illaiu C()ll~i.'i1.<'Ilt v.:it.ll 
tll(' lI()1.;l1ÎOll F", Nov' tlti-l.t. Zii d()cs Ilut rh·tlu/(· t.hl' IHI.dic intcgt'Jx Titi." 
c1wÎc(' \VilS luadc lùr t.ypogl(lphic ITa'iOll'i :-;Îw'(' t.lw Îllt-q.!,(T:-; 1liOd l'an' n'i('fI 

J"rcqw'ltt.ly, wllile a '''.\'TlIbol for 1.11(' I)-ildi(" ilt1,('~(~r'i i'i Il,'icd oIlly iJl il fC\N ('xaillpl(''i 

i1l ('llilpt.cr 1:) (\\"It('J"(' \\,(. Il:-;C 01'), The JI-adic rat.iollals an' d(;llo1.('d Il.\' QI'" 
If 1\- is il fil'Id, t]WH /\' dCllut ('~ ail al).!,ehraic (']O'il1t"C of /\". If U i:-; a ring. t.lll'il 

Ir' d('llU1.c:-; tll(' illyntihl(' C1CI!l('ll!.;-' of /( \VIWll K j:-; il field. /\' i'i tlH'l"cfn]"(' 

1 Ill' Ilutlt.ipli("il.ti\"c ,(!,rollp tJf IIOIll'Pl"u CII'lll("llt:-; of !\". Tlrrolq.!,ll()lI1. 1.11\' hook. 

(.fI(' !et.wr:-; [\' :turf Carl' g(,llf'rally I!'i(;d tu dCllok a li(~ld Hlld all f'llipt i(" cllr\'\' 

('xccpt Îu C'ltapt('r D, w1]('1"(' /\" i:-; Ils(·d il ft'\\' t.illH':-i for al] dlipt.ic ÎIll.q!,ral). 

AcknowledgulclltS. TJw ;1111 hor t.llilllk:-i Boh Stnll ut" cne Prc'i~ f()r 

Slll!;).',(':-;tÎll,l'., tbat tllis book 1)(' \\Ti1.1.('11 ;lIld for lii,'i ('\l(ïl\ll'·l.gCllll'llt.. ilHd 1.11(' 

(·di1.orial :-ilnH" :It ('He' Prl'é"-;-' ror IllCir Irp!p dnrillg Hw prc}JaJ"<lt.ioll of tlr(' hook. 

E·d Eikl'u}H'I"!!, .. Jilll ()willg~. SllSHtr Sdlllloy('\", Uriall ('OlJriHL and Sam \\"agstaff 
IlliHl(' 1I1all,Y sllgg(,-,,(.io1\s tlril!. ) .. !,1Till.I.\" Îlllpwvcd t.lle lllillltl'icrip1.. ()f (,Olll"SC. 

tller<' ié"- alw;'IY." rO()lll J"or IHort' ÎllI})n)Y('lll<'llt. PI('iI.:-i(' s('lld Sll).!)!;PSt.ÎOll:-i and 
(·IJlT(·d.ioHS 1.0 (he altt bor (/cw·(I,ItHl.tll.llllHI.I·dlJ). (~orrt'('1.i()Il," will 1)(' li~wd 01\ 

dw W{'jl ~it.(' [(J!" (1](' flouk (WW\\'.lllil.th.11I1HI.(·dll/,,-·!n\"/dlipüCCII!"\'('s.htllll). 
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