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PREFACE 

The IntVlnCLt-lo,wX CoUoqLÙUm on Appued AtgebM and EtUtoJt CotUtec-,üng Codu w:u 
bo"" in ToutoUhe (FMncel in June 7983. 

The ac~ 06 AAECC-7 aJte pub~hed in ViocJtete MathernCLt-lc~ (voi 56 n'2-3, Oct.851. 

The ac~ 06 AAECC-2 aJte contained in thih voiume. 

FJtom 48 tatQ~, we have ~etected 23 accepted pap~, a6teJt a (ume con~umingl 

~y~tem 06 multipie Jteview~. I thanQ tho~e Jte6Vleu who agJteed to contltibute to the 

obtained Jte~ult. 

I aûo thanlz 

MIt. A. Oioet and CII-HBuli 60Jt theiJt 6inanciat ~uppoJtt, 

MIt. M. CombaJtnOUh ScientiMc ViJtectoJt 06 CNRS', 60Jt CNRS' ~ tîinanciat ~uppoJtt, 

MJt. A. VaJtgent, ViJtectoJt 06 CNES" IntîoJtrnCLt-lc CentVl, 60Jt aUowing u~ the Uhe otî 

the comput~ betîoJte and dUlting the con6Vlence, 
The LSI iaboJtatoJty and Univ~ity P. SabCLt-leJt tîoJt theiJt 6inanciat ~uppoJtt. 

A~ one know~, digitruzed data aJte becoming incJteMingiy impoatant, paltticutM

iy 60Jt tMM~ÛOM. 

FoJt ~atettite tMn~~~ion~, the CCSVS (CoMuttCLt-lve Committee 60Jt Vata Space Sy~teml 

had pJtopo~ed a coding ~y~tem 60Jt inteJtnCLt-lonat tMn~~~ion~ (~ee : tîinat JtepoJtt 06 

contMct AAECC/CNES n' 84/5477, 7985 (270 pagul 1. 

AtM, the taJtget 06 RACE pJtOject io to deMne and Jteatùe a BJtOadband-IBC euJtope.an 

netwoJtk with ~ecuJtitylpJtivacy (cJtyptogJtaphyl and JtetiabiUty (etUtoJt-cotUtecung co
du). AAECC iab. io a paltticipant tîoJt the detîinition phMe (in gJtoup n'20751. 

A~ dig~zed data aJte being mOJte and mOJte Uhed tîoJt imagu/~peechltîitu tMM

~~ion~, theoJtwcat tooù and pJtacucat devetopmen~ aJte necu~aJty (tîoJt Milite at

gebJtaic ~tJtuctuJtu and 60Jt compiexity anaty'u). 

In paJtticutaJt, decompo,iUon 06 atgebltM io an intVluung topie beCaUhe it io Uhed 

tîoJt pJtobiem, invoived with comptexity (~ee J. HeintziJ. MOJtgen~teJtn), 60Jt COMtJtuC
uve Jtu~ on idempoten~, muluvaltiate co du (~ee : A. Pou, H. lma"-, A. Poul 

C. Rigonil, noJt VFT'~ pJtObie~ (,ee : T. Bethl. Many othVl paJtticutaJt Mpec~ 06 Jte-

• CNRS Cen:tJte NCLt-lona.t de ia RechVlche Suenu6ique 
•• CNES CentJte NCLt-lona.t d'Etudu Spatiatu (78 Av. BELIN - 37055 TOULOUSE Cédexl 
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IV 

-6vvldr a/te dcuclL'pcd Ù'l UI{-ô Lh-,c",r;:. ~;'::'::'~~/{IJ!,L,~:~(j~L~~ i:C. Cdli!rl .... 'N.J.A. Slt'WH'/A.C, Lub

J.,te,il!, H.F. ,\Jat/~SClfl JI1., L. Huguc,t M. (~'LJcf1C(), C'--'IJ-~!,~(!çi-i-~IJ"~i~~r~~~I~r~eI~-i-~I~l~_C)_~~d~"~_ 

(J.A. TllA~C'119-LIj, J.L. Vl:'/"UL'ltl'ttC'l, V.A. Ll!L'llcvn{/C.A. Rod~j~"I, B. COU-7_tCCUL"'J. (-;(!utC.t), 

e'~~~t~Sr:!-~_~"~e~-ç{-~_~6_12~dg/~ (M.C. Gefll'lC'Ll', G.L. F\.!l1g/K.K. T:cngl, E~'-g!1IJ~~I-i-~{-~ (P. Vi ,'"Lct , 

V. Lugie:, O. MOlL~no de, Ayct€ctl, 0-t:?t:?~~~-d_~-~8~~-~-0 (11.1\.(, l\k:PJI!J7./F. MCflet, L. Bc!!ctcew/ 

J. Lacaze, A. Alüe.-V~daUJ. Ch;.6ifC{) , ~!tU)ytC!g!tat'hu (r. Cwnù'll l , cCI~)J'!cf~,!t_afgc~y.! 

(J. Ca.CllIr~, J. Crdmc.t/M. BCflgman). 

AAECC ConnCitCIlCC,1 CMelltulUy dCM w;,th Ap)JR.~cd AR.S"b'ul, pJ'gcùtlm,éc wld EJelD'l 

COMcct.-tng COdccl. 

Thc 6utuJle ";~h~dufed AAECC coni\eitencc"l Me 

AAECC-3 (1985, G,"cI10bR.e (F), P'10h. J. CcU'mcct) 

AAECC-4 (1986, KMLlJtuhe (V), PitOn. V'1. T. Bexh) 

AAECC-5 (1987, BaJ1c.ücJI1a (SP), V'l. L. Huguet) 

AAECC-6 (1988, Püa (I), PitOtl. A. Mù,a) 

AAECC-7 (1989, TouLoule 

AAECC-8 (1990, Yolwhama 

(F), P'101. A. PoV) 

(J), p,'Wf\. H. l ma;') 

We hope thatAAECC COnblC1eJ1c.ccl, [md pauùufaJtly thü Le.c.tuitc Notv., voLume, will 

c.ovUJUbute ta the ;'mpoJt;tant devcfopmc.nt 06 data LlanMlÜh{OIl6. 

F;'nmy, a thaVlR you ta paJet{.c';'pcUltl, authoJel, and MM ta ~kM S. Wat.l,on 

(SpJcéVlglC1 Vl'!lR.ag Computeit Science. EMtoJcéaf) floit hcit paü~llce and veit y kind heR.p. 

A pUitUcufait thallRh to the hCCÙCl e.dJ.tO'1"l who have. accepted tl1Ü pubV.catioYl. 

May 1986 
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ON ASSOCIATIVE ALGEBRAS OF MINIMAL RANK 

Joos Heintz 1) and Jacques MOrgenstern
2

) 

1) Consejo Nacional de Investigaciones Cientîficas y Técnicas (CONIChT) 
Universidad Nacional de La Plata 
La Plata, Pro.rincia Buenos Aires, Argentina 

and 

Johann Wolfgang Goethe - L1Iuversitat, Fachbereich Mathematik 
Robert Mayer - Strasse 6 - 1 0 
D - 6000 Frankfurt/Main, FRG (mailing address) 

2) Cniversité de Nice, Institut des Mathématiques et Sciences Physiques 
Parc Valrose 
F - 06034 Nice Cedex, France 

and 

INRIA, Sophia Antipolis 
F - 06560 Valbonne, France 

1. Introduction 

In the sequel let k be a field and A an associative k-algebra with 

uni ty, of fini te dimension over k. We denote the radical of A, the 

maximal (two-sided) nilpotent ideal contained in A, by rad A 

A quadratic algorithm (for A) is a finite family 

* * ~ ((up,Vp,wp)E(AxA) x(AxA) xA p=l, ... ,R) 

R 
satisfying xy = L up(x,y) Vp(X,y) wp V x,y EA . 

p = 1 

* (Here (A x A) denotes the dual space of the k -vector space A x A. ) 

Special cases of quadratic algorithms are the bilinear algorithms 
* * (for A) which have the form ~ = ((up,vp,W p ) EA x A x A ; p= 1, ... ,R) 

with 

(1 ) xy V x,y E A 

* * (Note that t:= L '"b '" vp ® wp E A "'k A "k A is the tensor of the multipli-

cation of the algebra A and hence doesn't depend on the particular 

algorithm ~.) 
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2 

For ~:::: «u ,v ,w ); p::; 1/ ... ,l\) a guadratic or bilinear algorithrn we 
ppp 

call L(~) := R the complexity of ~. We define the following invari-

ants of A 

L (A) . - min { L (~); ~ quadratic algori thm for A ), the complexi ty of A 

and 

R(A) := min {L(~); ~ bilinear algorithm for A} , the rank of A. 

It is well known ([17]) that L(A), the complexity of A, can be inter

preted as the computational complexity of multiplying two generic ele

ments of A. 

Furthermore, we have L(A) :5 R(A):5 2 L(A) 

50, for asymptotic complexity considerations, Land Rare equivalent 

notions. This fact has widely been used for the construction of fast 

matrix multiplication algorithms (compare e.g. [16] ,[5] ,[15] ,[7]). 

Fast matrix multiplication and fast convolution algorithms are at the 

origin of the consideration of bilinear algorithms (compare e.g. [16], 

[17],[18],[19]). 

The rank of an algebra appears to be closer related to the structure 

of A than its complexity. For this reasOn we focus our attention on 

the rank of algebras. 

The starting point of our considerations is the following lower bound 

result for the complexity of associative algebras. 

Theorem 1 ([ 1 ] ) # M(A) 

where M(A): = {m m maximal two-sided ideal of A and # M(A) is 

its cardinality. 

(In the case of A:= MN(I<) , the algebra of NxN matrices over 1<, the 

result is due to [14].) 

We will use the following notions 

Definition 1 We say 

(i) the complexi ty of A is minimal L (A) minimal) 

Hf L(A) 2 diml< A - # M (A) 

(ii) the rank of A is minimal R(A) minimal) 

Hf R(A) 
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Observations 1 

1. We conjecture L(A) minimal iff R(A) minimal. This has been shown 

for A a division algebra ([8],[3]). In general, we only know that 

R(A) minimal implies L(A) minimal. 

2. M2(Q) is of minimal rank ([16]). We conjecture that M2(Q) is the 

only matrix algebra of minimal rank. 

3. Let Q be infini te, X an indetermina te over Q, and F (X) E k [X] . 

Then A:= Q[X]/(F) is of minimal rank ([19]). 

We calI the k-algebra A local if A/rad A is a division algebra. 

We calI A clean if for each maximal two-sided ideal m of A the 

Q-algebra A/m is a division algebra. This is equivalent to saying 

that A/rad A is a finite product of division algebras. 

Note that A commutative implies A clean. 

An important example of a non commutative clean k-algebra is TN(Q) , 

the algebra of the upper triangular N x N matrices over Q. 

We are considering the following class of Q-algebras 

Definition 2 Let A be a clean k -algebra wi th n: = dimk A and such 

that A/rad A is a p-fold product of division algebras. 

We say that A belongs to the class MQ (in symbols: A E MQ), if there 

exists a pair of bases L = ((xl"" ,xn ), (Yl , ... 'Yn)) of A which satis

fies the following properties 

(i) 

(ii) x = 11 Y11 for 

idempotents 

X 
TI Y)J E Q Y)J 

$:n 

of A. 

and 

for each 1;;;; \J ,lJ ~ n 

Sp , and xl , •• • ,X are mutually orthogonal 
p 

Furtherrnore 1 = xl + •.• + x p 
x v y 11 E Q x for ~ TI ;;;; P ;;;; v,jJ ;;::;n 

v 

A pair L of bases of A which satisfies (i) and (ii) is called a multi

plicative pair (for short: an M-pair) of bases of A 

We rernark that our notion of class Mk coincides with the one used in 

[6] in case of local Q-algebras. 

It is possible ta characterize the class of commutative algebras of mi

nimal rank over an infini te field k. In the case that il is algebraic

ally closed, the result can be stated as follows : 
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4 

'l'heorem 2 ([ 13 J ) Let k be algebrai.cally cluscd and A be commutative. 

Then the following three condilions arc equivalent : 

(i) R(A) minimal. 

(m) The radical of A has the form rad A ( hl 1 ' ... f w
m

) , where 

for 

Condition (fu) i5 a structural characterization of the class of commu

tative algebras of minimal rank over Q. Our goal i5 ta find sueh a 

structural characterization for any associative algebra of minimal 

rank. In this paper, we resolve this problern for the class of clean 

k-algebras in case k algebraically closed. 

In the statement of our main result (Theorem 3) we use the following 

notions and notations: 

Let A be a fini te dimensional clean k-algebra over an algebraically 

closed field k. 

For w E A we denote by A w A the k -vector space of A genera ted by 

the products a wb, where a, b E A 

ideal of A which contains w. 

A w A is the minimal two-sided 

Furthermore we write Land R for the following two-sided ideals of A 

L : 0 {x E rad A ; x (rad A) 0 O} and R: 0 {y E rad A ; (rad A) y 0 O} 

We have then 

Theorem 3 In case k algebraically closed and A clean the following 

three conditions are Equivalent : 

(i) R(A) minimal. 

(il) A E Mf, 

(m) There exist hl 1 ,··· ,wm E rad A such that 

rad A 0 L + A w
1 

A + ••• + A w A 
m 

R + A w 1 A + ••• + A wm A 

Here, in particular, the two-sided ideals A hl
i 

A are as k-vector 

subspaces of A generated by the products 

or equivalently: A ~ 
f E lN 

Furthermore, o for 1.silj.sm. 
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Theorem 3 is known in special cases 

as Theorern 2 in case A commutative and Theorem 5 in [6] in case A 

local. 

However, the origin of this kind of structure theorerns is Theorern I.4 

of [11], where a structural characterization of division algebras of 

minimal rank over an arbitrary but infinite field is given. 

Observations 2 

1. Principally, we are interested in the structural characterization (n) 

of the complexity-theoretically defined class of clean h-algebras A 
of minimal rank. Motivated by the proof of Theorem 2, we insert the 

technical notion of class M h (due to v. Strassen) between the struc

tural notion (jji) and the complexi ty-theoretical notion (i) . This 

simplifies proofs sensibly. Under the assumptions of Theorem 3 

( h algebraically closed and A clean) we will show in Section 2 : 

(i) .. (:ii.) (Proposition 1), (:ii.) .. (:tii) (Proposition 2) ; (:tii) .. (i) (Propo

sition 3) follows in almost the same way as Proposition lI.3 of [13]. 

2. Note that for A satisfying (ili) of Theorem 3 the following holds: 

Let S cA any subalgebra with A = S", rad A 

Then B:= S [Wl ' ••• ,w
m

] is a commutative subalgebra of A of mini

mal rank with A = L + B = R +B • So, a clean Iz-algebra A of minimal 

rank is itself almost (i.e. modulo L or R ) commutative. 

The next corollary, due to a generalization [9] of Proposition 1 below, 

cantains further consequences of Theorem 3 

Corollary 1 

minimal rank. 

(i) rad A 

Let k be an arbitrary but infinite field and A clean of 

satisfies condition (fti) of Theorem 3. 

(li) If a is a two-sided ideal of A then R(A/a) is minimal. 

As an easy application of Theorem 3 via Corollary 1 we obtain 

Corollary 2 Let k be an arbitrary but infinite field. Denote by 

TN(k) the Iz-algebra of N x N upper triangular matrices. Then 

R (T
N

( k» minimal iff N = 2 

Furthermore R(T
3
(k» = 10, the trivial 3x3 matrix multiplication algo

rithm being optimal in T
3
(k). 
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