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PREFACE

The Inteanaticnal Colloguinm on Applied Abgebra and Buwen Connecting Codes was
boan an Toulouse (France) An June 1953,

The acts of AALCC-1 are pubfished in Discrete Mathematics (vol 56 m?2-3, Oct.§5).
The acts of ARECC-2 are contadied in this voefume,

From 48 talks, we have sefecied 73 accepfod papeis, after a [Lime conduming)
susten of mulriple revdews. 1 thank fthose nederves who agreed to contndbute fo the
ebtained ftesuls.

I afse thank
» Mol AL Qdsek and CTT-HBuLL fon thein {dnanciad suppont,
< M, M. Combaraous Scdenfifdic Dinector of CNRSY, fon CNRS's financial suppeit,
= Mro AL Dangent, Dinecton of CNES** Tagormatic Centen, for affowing us The wie of
the cowputexs bedone and duking the conference,
« The LSI faberateny and Undvensity P, Sgbatfien for their financial support.

As one Raows, digliafized data are becoming incaeasingly iwposiant, partdonfan-
£y for Transmissions
For satobiife taansmissions, the CCSDS (Consufiative Commifiee fo4 Data Space Sysiem)
had propesed a coding system fon intewmatfional thansmissions (see @ final nepont of
contract AAECC/CNES n® 845417, 1965 (210 pages!].
Also, the tanget of RACE project 45 to define and nealdize a Broadband-18C eunopean
nediwonk with securdty/privacy (chuptegraphyl and neliability |ersot-correcting co-
des: . AAECC fab. s a panticipant fon the defdindiicn phase (i group n®2015).

As digltatized data are being mone and more used fon dmages/specch/fifes Tnawns-
missicns, theeretical teols and practical developments are necessary [fon fdnife af-
gebaade strucfiutes and for complexdty onalysesl
In panticulan, decomposiiion of afgebras L4 an nleresting tople becawse 44 45 wsed
fon problems fnvelved with complexity {sce J. Hedntz/J. Morgewstemwn!, {en contfruc-
tive nesulls on idempotents, muliivaniate codes (see : A. Pali, H. Tuadi, A. Poli/
C. Regondl, foa DFF's probfems [sce @ T, Beth). Many othea panticulan aspects of ae-

* CNRS Cantre Nationaf de fa Rechesche Sedentdfique
** CNES Centrne National d'Efudes Spatiafes (78 Av. BELIN - 31055 TOULOUSE Cédex)
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searen ave developed on thes book

stoae, Hor, Mat@aon T, i HMogoef ok,

drfter, LA ocand

-

’

MO Geike e, O

I

Chidfcc ), vayptograph 1T,

(J. Calwrd, T. CalmeisM, Batghan),

AALCC Corjonences essentoalfy deall with Apploed Aldebaa, Agonitienic and Etres

Contecding Codes,
The Jufuna scheduled AAECC coqafercrees ane

o AALCC-3 (1985, Guewchre iFl, Preg. 7. Cadwet)

< AALCC-4 17934, Kaxbswdw (Db, Prag. Dr. T. Botin

- AAECC-L 0 (7987, Bascefona (SP), Dr. L. Hugw £)

. AECC-4 (1988, Pusa i1}, Pred. AL Hdcal

« AATCC-F 07969, Toufousc PFl, Paod. AL Podd)

- AAMLCC-B (1925, VYewrchama  13), Paod. H. Twadl

e hope that AAECC Cenfetences, and patdiculanfy this Leelune Netes vofume, will

condrdibutfe o the depertand development of data fadismiss {ons.

+

Fanaliy, a thaak you to panticlpants, autnons, ang alse fo Moss S, Watson
iSprongen Veadag Compufern Sedence Eddfonead] fon hea patignee and viwg hond help.

A paaticufan thanks o the serdes cddfons whe have accepled 1has putlicaidicn.

Moy 1384 Afain POLI
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ON ASSOCIATIVE ALGEBRAS OF MINIMAL RANK

) 2)

Joos Heintz and Jacgues Morgenstern
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1. Introduction

In the sequel let k be a field and A an associative k-algebra with
unity, of finite dimensiocn over & . We dencte the radical of A, the

maximal (two-sided} nilpotent ideal contained in A, by rad A
A guadratic algorithm {for A) is a finite family
* ”*
B = ((up,vp,wp)EMxA) x{AxA} x A ; 5=1,...,R)}
. R
satisfying Xy = I ux,v)v (x,vlw, , ¥ x,y €A
g=1 P p P

*
{Here (A x A}  denctes the dual space of the k-vector space Axd.)

Special cases of gquadratic algorithms are the bilinear algeorithms

* *
{for A} which have the form @ = ﬂup.vp,wol EA w A v A ;p=1,...,kR)
with
1 F A
{1} Xy = 951 up[X) V&y) L ¥ X,¥ €
L3 *
(Note that t :i= I 4o v, e wa A w A gA is the tensor of the multipli-

cation of the algcbra A and hence doesn't depend on the particular
algorithm B.)
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For [{= ﬁur,vp,wp); p=1,...,K) a quadratic or bilinecar algorithn we
call L{A) := R Lhe complexity of p. We define the following invari-

ants of A

L{A) := min i L{(3); B cuadratic algorithm for A -, the complexity of A
and

R{A) := min ! L{p); B bilinear alyorithm for A } , tne rank of A.

It is well known ([17]) that L(A), the complexity of A, can be inter-
preted as the computational complexity of multiplying tweo generic ele-

ments of A.
Furthermore, we have LiA) ¢ R{A) < 2 L{A)

o, for asymptetic complexity considerations, L and R ars equivalent
noticns. This fact has widely been used for the construction of fast
matrix multiplication algorithms (compare e.q. [16]1,[%],015),[7]).
Fast matrix multiplication and fast convolution algorithms are at the
origin of the conzideration of bilinear algorithms {(compare e.y. [16],
£171.0181,0191]].

The rank of an algebra appears to be closer related to the strucLure
of A than its complexity. For this reason we focus our attention on

the rank of algebras.

The starting point of our considerations is the following leower bound

result for the complexity of associative algebras.

Theorem 1 ([1]) LAY = 2 dimbA - # M(A) y

where MEA) 3= {m; m maximal two-sided ideal of A} anéd # M{A) is

its cardinality.

{[n the case of A :- MN(k], the algebra of WxN matrices over k, the
result is due to {14].}

We will use the following neotions :

Definition 1 We say
(i the complexity of A is minimal { L{AY minimal)

iff L{A) = 2 dim, A - # M(A)

(] the rank of A is minimal { R{AY minimal)

iff R{A)y - 2 dimhA - # M{A)
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Observations 1

1. We conjecture  L(A) minimal iff ER{A} minimal. This has been shown
for A a division algebra ([8]),(3}1). In general, we only know that

E(A) minimal implics (A} minimal.

2. MEIk] is of minimal rank ([16]). We c¢onjecturc that Méh] is the

only matrix algebra of minimal rank.

3. Let k be infinite, X an indeterminate over &, and F{X} € &[X] .
Then A:= R[X]/(F) is of minimal rank ([12]}.

We call the k-algebra A local if Afrad A 1is a division algebra.
We call A clean if for each maximal two-sided idecal w of A the
k-algebra A/m is a division algebra., This is equivalent to saving

that A/rad 4 is a finite product of division algebras.

Notc that A commutative implies A clcan.

An important example of a non commutative clean k-algebra is TN(h],

the algebra of the upper triangular WNxN matrices over kL.

We are considering the fellowing class of f-algebras :

Definition 2 Let A be a c¢lean f-algebra with n := dimkA and such
that A/rad A is a p-fold product of division algebras.

We say that A belongs to the class Mk {in symbols: A € Mh)’ if there
exists a pair of basecs I= Kx1,...,xn},{y1,...,ynn of A which satis-
fies the follewing properties

(1) X, qu f2 X, ¥ k Y, for each 1 £wv,u =n :
{it) Xy = ¥, for 1 <m3sp , and X1""'Xp are mutually orthogonal
idempotents of A . PFurthermore 1 = Xyt Xp .
- . i < . =
%, ¥, € k Y, and X, ¥ € kX, for TEmsp , 12v,uin

M pair I of bases of A which satisfies {i) and (ii) is called a multi-

plicative pair (for short: an M-pair} of bases of A,

We remark that our notion of class Mﬁ coincides with the one used in

[6] in casc of local k-algebras.

It is possible to characterize the class of commutative algekbras of mi-
nimal rank over an infinite field k. In the case that &k is algehraic-

ally closed, the result can be stated as follows :
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Theoren, 2 (E13]) Lot B e algebraically closced and A be conmutative,

Then tiae following three condilions are eguivalenl
(1) R{A) minima..

(i) A € M,

[ ) fhe racdical e A has Ltre form rad A = (w .,um) ., wheore

R
w, w. = 0 for 1 i) 7m .

i7]
Condition (#) 1is a structural characterization of the class of commu-
tative algebras of minimal rank over k. Our goal is to fird such a
structural characterizarion for any associative algebra of miniral
rank., Tn this papeor, we resolve this problem for the class of clean

k-algebras in case k algebraically closed.

1n the statement of our main result (Theorem 3] we use the following

notions and notations

Let A be a finite dimensional clean fk-algebra over an algebraically

closed fiecld n.

For w€ A we denote by AwA the h-vecltor space of A generated by
the products awbhb , where a,be A, A w A is the minimal two-sided

ideal ¢f A which contains .
Furthermore we write L and R for the following two-sided ideals of A

L= {xerad A; xlrad A) = 0} and R := {ycrad A ; (rad Ay v = 01

We have then

Theorem 3 In case L algebraically closed and A clean the foilowing

three conditions arc eguivalcont
{i) R{A) mirimal.

o, ¥

i} A € 1h

(i) There exist w cerl ¢ rad A such that

17"
rad A = L ¢ Aw, A + oo A A = R+ Ap A+ L.+ Aw A
1 m 1 m

licre, in particular, the two-sided ideals A miA are ag k-vector
subspaces of A generated by the products mi,mi,...,uf,... , fem,
. . f
or equivalenlLly: A w. 4 = b3 kow,
d ¥ Vi fom - YL
Furthermeore, Wyseo sty satisfy Wy uj = 0 for 1 21#] % .



BIBLIOTHEQUE DU CERIST

Theoren 3 is known in special cazes :
as Thecorem 2 in case A commutative and Theorem 5 in [A; in case A

local.

However, the origin of this xzirnd of struciure theotrems is Theorem 1.4
of [17], where a structural characterization of Jdivision algebras of

minimal rank over an arbitrary but infinite (ield is given.

OCbservations 2

1. Principally, we are interested in the¢ structural characterization (i)
of the complexity-theoretically defined class of clean r-algebras A
of minimal rank. Motlvated by the preoof of Theorem 2, we ingert the
technical notion of class Mh {due to V. Strassen) between the struc—
tural notion (i} and the complexity-theorectical notion (i) . This
simplifies proofs sensibly. Under the assumptions of Theorem 3
{ R algebraically closed and A clean} we will show in Scction 2:

{i) =» (#)} (Proposition 1), (i} = (i) {Proposition 2} ; (i) = (i) {Propo-

sition 31 follows in almost the game way as Proposition I.3 of [13].

2. Note that for A satisfying (ii) of Theorem 3 the following holds:
Let S cA any subalgebra with A = Se rad A
Then B := S[uﬁ,...,wm] is a commutative subalgebra of A of mini-
mal rank with A =L0+8=K+E . S0, a clean k-algebra A of minimal

-

rank is itself almost {(i.c. modulo L or ® ) commutative.

The next corollary, due to a generalization [9] of Propositicn 1 below,

contains further consequences of Theorem 3 :

Corocllary 1 Let k be an arbitrary but infinite field and A clean of
minimal rank.

(i} rad A satisfies condition (ii) of Theorem 3.

{ii} 1f a is a two-sided ideal of A then R(ASfa) is minimal .

A5 an casy application of Theorem 3 via Corollary 1 we coptain

Corollary 2 Let Bk be an arbitrary but infinite field. Dencte by
TN(k] the k-algebra of N=x=N upper triangular matrices. Then

R (TNHZ]) minimal iff N =2 .

Furthermore R[TBIhD = 10, the trivial 3x3 matrix multiplication algoc-
rithm being cptimal in T3{b).





