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Preface

The volume comprises the papers selected for prescntation at the international
conference "Formal Methods in Programming and Their Applications”, held in
Academgorodok (Novosibirsk, Russia), June 28 - July 2, 1993,

The conference was organized by the Institute of Informatics Systems of the
Siberian Division of the Russian Academy of Sciences. The Institute is engaged in
active research in the field of theoretical programming. The Institute has been an
organizer of several international conferences related to programming and format
methods in programming but the latier have been considered together with other
problems of pregramming. The current conference is the first forum organized by the
Institute which is entirely dedicated to formal methods.

The main scientific tracks of the conference have been centered around the formal
methods of program development and program construction. They include:

— specification, synthesis, transformation and verification of programs;
— parallel and distributed computations;

— semantics and logic of programs;

— theory of compilation and optimization;

— mixed computation, partial evaluation and abstract interpretation.

One of the main goals of the conference has been to promote formal methods in
programming and to present and discuss the most interesting approaches to practical
programming. A number of papers delivered at the conference are aimed at such a goal.

Scientists from eleven couniries have been participants to the conference (Austria,
Brazil, Canada. Denmark, England, France, Germany, the Netherlands, Russia, Turkey,
and the USA as well as from the Territory of Macau}!

Also in the opinion of the panticipants the conference has been a success and
similar conferences should be held in the future, perhaps, with a greater focus on the
application of formal methods and the problems connected with it.

The crganizers of the conference express their deep gratitude to the colleagues of
Russian and international communiiies who supported actively the conference by
rendering assistance and advice, review and participation,

We would also like to thank the Springer-Verlag for excellent co-operation.

July 1993 Dines Bjgmer, Manfred Broy, Igor Pottosin
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Theory of Domains and Nearby *

Yu. L. Ershov

Novosibitsk State University, RIMIBE
Universitetsky pr. 4
Novosibirsk 620090

Russia

Abstract. The author presents a topological approach to the develop-
ment of the theory o[ domains.

0. In the present paper we deal with historical, methodological, and mathe-
matical aspecis of the theary of domains. A recent book [1] by A. Jung deman-
strates a noticeable progress in the theory.

Theory of domains arose in the lale G0s in research that was carricd out nde-
pendently hy Prof. D. Scott 1n Oxford and by ihe author in Novosibirsk. 1), Scolt
was Inferested in a natural mathematical model for the type-free A-caleulus,
whereas the author developed a theory of partial computable functionals of fi-
nite types. Both problems were solved quite satisfactorily. The corresponding
resulls were reported by the author at the International Congress of Mathemati-
cians in Nice, 1970 [2] and by D. Scotf at the International Congress for Logic,
Methodology, and I’hilosophy of Science in Bucharest, 1971 [3].

It turned out that there was a great resernblance between the mathemarti-
cal models developed. The exact relation between these tnodels was established
in [4]. Tn particular, the notion of Scott’s domain (S-domain} and the cne of
cornplete fo-space were proved to be cquivalent.

N. Bourbaki in “L’Architeciure des mathématiques” distinguishes three ba-
sic mathematical structures: algebraic, topological, and that of partial order. All
these structures are found in the theory of domains. The approach of D. Scott
to the introduction of 5-domain by means of {directed-complete) partial orders
dominates in the current literalure on computer science, though many basic
concepts of the theory, e.g., the way-below relation, are rather diflicult to com-
prehend. This was the reason why 1). Scott repeatedly returned to the theory
of domains, attempting to clarify the foundations. Thus, for this purpose he
introduced information systems {5].

In the author opinion, topology should be the basic structure in the develop-
ment of the theory. The author supposes that the topological approach of 4] is
more preferable than the one based on a partial order, both for better reception
and for potentially greater generality that is needed if one wants to study do-
mains which contain only constructive points. In the present paper the author
will try to substantiale this point of view following the ideas expressed in [4].

* Research supported in part by the Russian Foundation for Fundamental Research
(93 011 16014).
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1. Let {X,1) be a topological space {T 1= a topology on X, l.e., a family
of all open sets). We define a preorder <7 on X, related to the topology T, as
follows: for z,ye X

sy foreveryopenset VC X(VeT)(nelV oye V).

This relation is & partial order provided that (X, T} is a Tp-space, 1.e., the weakess
separation axiom holds: for every z,y € X, tf & £ y, then there exists an open
st VC X such thatz €V oandy e V,orz @V andy e V.

The subscript T in !;he notation <p will usualh be omitted. We introduce
the following notation: 2= {lylye X, y< 2}, ;= {ylye X, z <y}

If{X, T} is a Ty-space (ie, Vo, y € X (v #y— IV e T{zeVAy g V),
then the preorder € degenerates to the identity relation. In the sequel, we will
consider only Th-spaces.

We introduce one more relation, namely the epprozimation relation < on
elements of X as follows: for 2,3 € X

r < y & there exists an open set V € X such that (y € V and Vz € Vi{z £ 2)).

Remark. An equivalent definition may be given as follows: » < y & y € Int Z,
where Int Y is the interior of ¥, i.e., the largest open subset of the set ¥ C X,
Note that £ < y implies 2z € y.

We will use the following notation: 2 = {y lye X,y <z}, z ={y | v €
X,z =<y}

We call a topological space (X, T} approzimuative {or an a-space) if the fol-
lowing condition holds: for any open set V' C X and any element £ V there
exists y € V such that y < =.

It is eagy to sec that the {oilowing holds:

1. ¥ {X, T} is an a-space and a set VV C X is open, ihen
V= U P4
zEV

2. M {X,7T) is an a-space and z £ X, then for every y, z such that y < & and
z <z there exists u < # such that y < w, z < u.
3. = sup %, i.e., z is the least upper bound (relative to the order <) ef the

s
set x.

Let {X, T} be an a-space. A set Xp C X is called a base subsel of X if the
following condition holds: for any cpen set V C X and any z € V there exists
y € Vi Xgsuch that y < .

Remark. X 1s a base subset, of X.

Remari. f X is a base subset of X, then V = | ¥ for every open set

sEVNXg
VX,
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Remark. If Xg is a base subscl ol X, then for any 2 € X the sct z 1 Xp is
directed and z = sup{Z N Xo).

Now we proceed to the closure properties of a-spaces. (ln the sequel, we will
usually omit an explicit indication of the topology.)

Proposition 1. if X and Y are a-spaces, then the Cartesian product X x Y s
an «-space.

Remark., The topology of the preduct X x Y is defined in a standard way.

Proposition 1 can be extended to products of arbitrary number of spaces,
if we impose an additional quite natural restriction. An «-space X is called an
ap-space if the partially ordered set (X, <r) has a [east element.

Proposition 1. Let X;, i € I, be a family of ag-spaces and X = [ X; be the

iel
Cartestan preduct of the family (equipped with the Tychonoff topology). Then X
15 @n g-space.

Many important constructions in the theory use the notions of retract and
project. Bemind that a continuous mapping p 1 X — X of a topological space
X into itsell is called a retraction if p2 = p. The image p(X) considered as a
subspace of X is called a retraet of X. A rciraction p - X — X is called a
projection if p(x) € z for all £ € X. In this case p(X) is called a project of X.

Proposition 2. If X is an ofag)-space end Y C X 15 a retract of X, then Y is
an a(ag)-space.

Now we introduce an important notion of a complete a-space.

An a-space X is called complete if, given an a-space V), its basc subset ¥y,
and a homeomorphism h of ¥ into X such that A(Yy) is a base subset of X, there
exists an extension of A to a continuous mapping of ¥ into X. (This extension
will in fact be a homeomorphic embedding of ¥ into X.)

Proposition 3. For every a-space ¥ there exists a complete a-space X and a
homeomorphic embedding w1 Y — X such thetl #(Y') 1s a base subset of X.

The a-space X in Proposition 3 is called the complelion of Y. It is nnique
in a reasonable sense.

Now we establish a crucial connection beiween r-spaces and directed-complete
partial orders.

Theoremd4. If (X, T} is o complete a-space, then {X, <) s a continuous
directed-complete partial order. {f (X, <} is a conlinuous direcied-complete par-
tial order, then X, equipped with the Scoti-topology, is a complele a-space and
the approrimation relation < coincides with the way-below relation €.
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2. An important subclass of the class of approximative spaces is the class
of finitary spaces. An element x in T0~:,pace X is called ﬁmtary il the relation
z < z holds or, ecquivalently, if the set % is open. The set of all finitary elements
of a space X wﬂl be denoted by F(X). An approximative space X is called a
finitary space (or a p-space) if F{X) is a basc subset of X

Remark. For an arbitrary base subset X of X we have F(X) CXg HXygisa
base subset of X and z € Xp\F(X}, then X\ {z} is a base subset of X. Thus,
an a-space X is finitary if and cnly if it has the least {under set- inclusion} base
subset.

Theorem b. If (X, T is a complete g-space, then (X, <1} is an algebraic divected-
complete pertiad order. If (X, K) is an elgebraic directed-complele partial order,
then X, equipped wath the Scoti-topology, s a complete w-space.

A p-space X Is called an f-space if {(F(X), <) is a partial upper semilaitice,
i.e., a partial order such thas, for any =,y € F{X), a consistency of # and y (l.e.,
3z € F(X)(x € 2Ay < 2)) implies the existence of the least upper bound = Uy
in F(X). An f-space with a least element is called an fo-space {(cf. [4]).

Theorem 6. If {X, T) is a complele fy-space, then (X, <r) 15 an S-domain. If
(X, £} ts an S-domain, then X, equipped with ihe Scoill-lopology, is a complele
fo-space.

A p-space X is called a b-space if (F(X), <) satisfies the condition: every
finite subset ¥ C F{X) is contained Iu & finite subset Fy C F{X) such that .

\?{F1 Q Fo¥e £ F(X'} {VE[) c Fl(:tg g .'1:)
— da, € Fy (Vl‘o Fl":ﬁ: 1)/\."31 S‘x))

Finite sets Fp satisfying this condition are called perfeci. A b-space with the least
element 1s called a bo-space.

Theorem 7. If (X,T) is a complete bo-space, then (X, <1} is o B-domain. If
{X,<} ts a B-doman, then X, equipped wilh the Scoil-topclogy, is a complete
bp-space.

Remark. BEvery f(fo)-space is a b(by}-space.

Proposition 8. If X is a b-spece and Y is a hg-space, then the set O(X|Y)
of ail continuens mappings of X into Y, eouipped with the topolooy of pointwrse
convergencee, is a by-space. Moveover, if Y is complete, then C(X, Y] s complete.

We noint out the basic elements of the proof.

1. Tf #4 is a finite perfect subset of F{X) and fo : #5 — F(V) 1= monotone,
then we can extend fy to a continucus mapping f5 + X — Y as follows.
Notice that if & € X, then FNFis emnpty or contains the grealsst clement
te. In the first case we put fj{x} cquals Ly, the least elernent of Y in the
second we put fi{z)} = foles).
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2. The finite elements of (X, Y) are exactly the functions of the form f3.

3. Assume that f3,..., f; are obtlained from the monotone mappings fo : Fo —
F(Y),....,fo: Fy — F(Y). We put:
Fry1 C F(X) is a finite perfect subset of F{X), containing Fo UF1U. . .UF,;
Frye is a finite perfect subset of F(Y), containing {1y} U fo(FoyU ... U
fn(Fn); )
G = {f| f is a monotone mapping of Fr4 into Fypo);
G*={f"|feG}

Then G is a finite perfect subset of F{C(X,Y)) and {f§, ... Yoo
Proposition 9. The category of by-spaces is Cartestan closed.
Remark. A corresponding statement for fp-spaces was proved in [6].

Remark. The category of bp-spaces is closed under limits of bispectra, 1.e., an
analog of Theorem 1 [4, §5] holds.

Since retracts of a Cartesian closed category of topological spaces constitute
a Cartesian closed category in themselves, it is useful to obtain a description for
retracts of fy-spaces. It turns out that the following generalization of Theorem
4.1 [1] holds. (We recall that, according to [1], & deflation of a topological space
X is a continuous mapping f : X — X of X inlo itself such thal f{X} is finitc
and f{z) <y xforallz € X}

Propaosition 10. If an ap-space X is a relract of a by-space, then there exisis a
directed family f; i € I, of deflations of X such thatsup f; = idx . If an ap-space
X possesses such a famuly of defletions, then X is a project of a by-space.

The sccond part of the proposition is stronger than the corresponding asser-
tion of Theorern 4.2 [1] even for complete bo-spaces (= B-domains) and answers
the question raised in [1, p. 92)].

Remark. An explicit description of retracts (or projects) of complete fy-spaces
as complete Ag-spaces is given in [4].

3. As in [7], we give an effective version of bg-spaces. Let X be a bp-space.
An enumeration ¥ : w — F(X) is called a construclivization of the base subset
of X if the following conditions hold:

1) the set {{n, m} | n, m € w,vn € vm} is recursive;

2) there exists a recursive function g : w — w such that for every n € w

vDa(= {vm |m € Du}) CuDyny(= {vmime Dyny})

and v Dg(n) 1s a perfect subset of F(X). (Here D, is a finite subset of w with a
canonical index », cf. [6])

A bg-space X has a constructivizible base if there exists a constructivization
of the base subset F{X) of X.
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Proposition 11. The ceiegory of bg-spaces with consiructivizible base subscis 15
Cartesian closed.

Let v 1w — F{X) be a constructivization of the base subset of a by-space X.
An element z £ X is called consiructive, if the set {nlr{n} < ) Is recarsively
enumerable.

A good theory of fo-spaces which have constructivizible bases and such that
al! their elements are constructive is devcloped in [6]. In particular, the no-
tions of computable enumeration of these spaces, completeness, and principal
computable enumerations are defined there. This theory serves asz a tool for
the construciion of partial computable functionals of finite types acting on par-
tial continmous functionals (the model T, [4, 7]). But the theory of bp-spaces
in which all points are constructive is not quite satisfactory as the following
example shows. '

Here T is an infinite recursive binary tree without infinite recursive hranches.
Notice that every infinde recursively enumerable branch of a recursive tree is
recursive, Hence, there iz no infinite recursively enumerable branch in 7. The
existence of such Lrees is well known (cf. [8]).
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Elements of 7' al a level n are (iintmal) upper bounds of the pair a,, b,.
We add limit points: a, for ap,a1,...; b, for by, b1,...; and limit poinls cor-
responding to every infinite branch of the tree T. A topology on the obtained
set, X is defined by a subbasis constituted by open sets of the form ¢ where
¢ € F(Xr) =T|J{an,bp.-..}. Then X7 1s a complete bg-space (or a B-domain;
moreover, a f2L-domain in terms of [1]). Obviously, the base subset F(Xr) is
constructivizible. The points a,, and b, are constructive, whereas all other limit
points (which are the upper bounds of @, b,) are not. Thus, @, and b,,, being
consistent in Xp, are inconsistent in the subspace C'(Xy) of all constructive
points of X7

The example shows that from the “constructive” point of view fi-spaces
behave better than by-spaces.

To conclede, we mention that spaces with constructive points can be used
to define an effeclive semantics which, in turn, can serve as a programming
language (semantic programming, cf. [9]). Moreover, effective versions of the
spaces enable one to obtain generalizations of the theory through the use of
arbitrary admissible sets (instead of w) as it was done in [10] in the case of
fo-spaces.
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