
Perturbed 
Semi-Markov Type 
Processes II

Dmitrii Silvestrov

Ergodic Theorems for Multi-Alternating 
Regenerative Processes



Perturbed Semi-Markov Type Processes II



Dmitrii Silvestrov

Perturbed Semi-Markov Type
Processes II

Ergodic Theorems for Multi-Alternating
Regenerative Processes

123



Dmitrii Silvestrov
Department of Mathematics
Stockholm University
Stockholm, Sweden

ISBN 978-3-030-92398-3 ISBN 978-3-030-92399-0 (eBook)
https://doi.org/10.1007/978-3-030-92399-0

Mathematics Subject Classification: 60J10, 60J22, 60J27, 60K05, 60K15, 60K20, 65C40

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer Nature Switzerland
AG 2022
This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether
the whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse
of illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and
transmission or information storage and retrieval, electronic adaptation, computer software, or by similar
or dissimilar methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or
the editors give a warranty, expressed or implied, with respect to the material contained herein or for any
errors or omissions that may have been made. The publisher remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

https://orcid.org/0000-0002-2626-5598
https://doi.org/10.1007/978-3-030-92399-0


Preface

This book is the second volume of two-volume monograph devoted to the study of
limit and ergodic theorems for regularly and singularly perturbed Markov chains,
semi-Markov processes, and alternating regenerative processes with semi-Markov
modulation.

The second volume presents new super-long, long, and short time ergodic the-
orems for perturbed alternating regenerative processes and multi-alternating re-
generative processes modulated by regularly and singularly perturbed finite semi-
Markov processes. These theorems describe the asymptotic behaviour of distribu-
tions P{ξε(t) ∈ A} as time t → ∞, and the transition characteristics of perturbed
multi-alternating regenerative processes ξε(t) converge to some limiting transition
characteristics as the perturbation parameter ε → 0. Such “individual” ergodic the-
orems differ from ergodic theorems, such as the laws of large numbers for random
averages and related ergodic theorems for the expectations of such averages, based
on the use of stationarity arguments. The theorems presented in the book are based
on the use of renewal type arguments in combination with new asymptotic recur-
rent algorithms of phase space reduction for perturbed multi-alternating regenerative
processes.

In the first volume, we present limit theorems on the weak convergence of dis-
tributions and the convergence of expectations of hitting times for regularly and
singularly perturbed semi-Markov processes, based on algorithms of phase space
reduction for perturbed semi-Markov processes. These results play an important role
in obtaining the ergodic theorems presented in the second volume.

Models of perturbed Markov chains and semi-Markov processes, in particular
for the most complex cases of so-called singularly perturbed processes, attracted the
attention of researchers in the middle of the twentieth century. Interest to these models
has been stimulated by applications to control and queuing systems, information
networks, epidemic models, and models of mathematical genetics and population
dynamics. As a rule, Markov-type processes with singular perturbations arise as a
natural tool for the mathematical analysis of multi-component systems with weakly
interacting components.
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vi Preface

The most deeply investigated are cases of Markov chains and semi-Markov pro-
cesses with finite phase spaces. There is a huge bibliography of works that contain
ergodic theorems and related limit theorems for hitting times for perturbed finite
Markov chains and semi-Markov type processes. However, the theory of such er-
godic and limit theorems is still far from completion. The results presented in the
book, I hope, confirm this point of view well.

The second volume includes an introduction, 12 chapters grouped in two parts,
and three appendices.

In Introduction (Chap. 1), simple examples, models of stochastic processes, condi-
tions, and results are presented in an informal way. It also provides chapter-by-chapter
content and additional information for potential readers.

Part I (Chaps. 2–9) presents ergodic theorems for perturbed regenerative pro-
cesses with regenerative lifetimes, as well as the results of a detailed analysis and
complete classification of super-long, long, and short time ergodic theorems for reg-
ularly, singularly, or super-singularly perturbed alternating regenerative processes
modulated by two-state semi-Markov processes.

Part II (Chaps. 10–13) presents super-long, long, and short time ergodic theorems
for regularly or singularly perturbed multi-alternating regenerative processes modu-
lated by finite semi-Markov processes. This is done using new asymptotic recurrent
algorithms for time-space aggregation of regenerative times and phase space reduc-
tion for modulating semi-Markov processes, which allow us to reduce the above
ergodic theorems to the corresponding ergodic theorems for perturbed alternating
regenerative processes presented in Part I.

Appendix A presents generalisations of the classical renewal theorem to a model
of the perturbed renewal equation.

Appendix B presents some additional asymptotic results commonly used through-
out the book.

Appendix C contains some methodological and bibliographical notes, as well as
comments on the new results presented in the book and some new problems for
future research.

I hope that the publication of this new book on asymptotic problems for perturbed
stochastic processes will be a useful contribution to the ongoing intensive research
in this area. In addition to being used for research and reference purposes, the book
can also be used in special courses on this topic and as additional reading to general
courses on stochastic processes. In this regard, it can be useful for both specialists
as well as doctoral and senior students.

I would also like to thank my colleagues at the Department of Mathematics,
Stockholm University and at the Division of Mathematics and Physics, School of
Education, Culture and Communication, Mälardalen University for creating an in-
spiring research environment and a friendly atmosphere, which stimulated my work.

Stockholm, Sweden Dmitrii Silvestrov
October 2021



Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Part I: Ergodic Theorems for Perturbed Alternating Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.1 Part I: Contents, Examples, Models, and Results . . . . . 1
1.1.2 Part I: Contents by Chapters . . . . . . . . . . . . . . . . . . . . . . 10

1.2 Part II: Ergodic Theorems for Perturbed Multi-Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.2.1 Part II: Contents, Examples, Models, and Results . . . . 11
1.2.2 Part II: Contents by Chapters . . . . . . . . . . . . . . . . . . . . . 21

1.3 Appendices and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.3.1 Appendix A: Perturbed Renewal Equation . . . . . . . . . . 22
1.3.2 Appendix B: Supplementary Asymptotic Results . . . . 22
1.3.3 Appendix C: Methodological and Bibliographical

Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.3.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

Part I Ergodic Theorems for Perturbed Alternating Regenerative

Processes

2 Ergodic Theorems for Perturbed Regenerative Processes . . . . . . . . . 27
2.1 Regenerative Processes with Regenerative Lifetimes . . . . . . . . . . 27

2.1.1 Regenerative Processes with Regenerative Lifetimes . . 27
2.1.2 Perturbation Conditions for Regenerative Processes

with Regenerative Lifetimes . . . . . . . . . . . . . . . . . . . . . . 30

vii



viii Contents

2.2 Ergodic Theorems for Perturbed Regenerative Processes with
Regenerative Lifetimes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2.1 Ergodic Theorems for Perturbed Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2.2 Ergodic Theorems for Perturbed Regenerative

Processes with Modified Regenerative Lifetimes . . . . . 40

3 Perturbed Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . . 43
3.1 Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . 43

3.1.1 Alternating Regenerative Processes . . . . . . . . . . . . . . . . 43
3.1.2 Perturbation Conditions for Alternating Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.2 Regularly, Singularly, and Super-Singularly Perturbed

Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . 54
3.2.1 Regular, Singular, and Super-Singular Perturbation

Models for Alternating Regenerative Processes . . . . . . 55
3.2.2 Super-Long, Long, and Short Time Ergodic Theorems

for Perturbed Alternating Regenerative Processes . . . . 58
3.3 Time Compression and Aggregation of Regeneration Times for

Perturbed Alternating Regenerative Processes . . . . . . . . . . . . . . . 59
3.3.1 Time Compression for Perturbed Regenerative and

Alternating Regenerative Processes . . . . . . . . . . . . . . . . 60
3.3.2 Aggregation of Regeneration Times and Embedded

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.3.3 Embedded Regenerative Processes and Ergodic

Theorems for Perturbed Alternating Regenerative
Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4 Ergodic Theorems for Regularly Perturbed Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.1 Regularly Perturbed Alternating Regenerative Processes and

Embedded Regenerative Processes of the First Type . . . . . . . . . . 69
4.1.1 Regularly and Semi-regularly Perturbed Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.1.2 Embedded Regenerative Processes of the First Type . . 70

4.2 Ergodic Theorems for Perturbed Standard Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3 Ergodic Theorems for Regularly Perturbed Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.4 Ergodic Theorems for Semi-regularly Perturbed Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85



Contents ix

5 Ergodic Theorems for Regularly Perturbed Alternating

Regenerative Processes Compressed in Time . . . . . . . . . . . . . . . . . . . . 93
5.1 Regularly Perturbed Alternating Regenerative Processes with

Degenerating Regeneration Times . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2 Compression in Time for Regularly Perturbed Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

6 Super-Long and Long Time Ergodic Theorems for Singularly

Perturbed Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . . 107
6.1 Singularly Perturbed Alternating Regenerative Processes and

Aggregation of Regeneration Times . . . . . . . . . . . . . . . . . . . . . . . 107
6.1.1 Singularly Perturbed Alternating Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.1.2 Embedded Regenerative Processes of the Second Type 108

6.2 Super-Long Time Ergodic Theorems and Embedded
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6.3 Long Time Ergodic Theorems for Singularly Perturbed
Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . 128

7 Short Time Ergodic Theorems for Singularly Perturbed Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
7.1 Short Time Ergodic Theorems Based on the First Time

Compression Factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
7.1.1 Two Types of Time Compression Factors for Perturbed

Alternating Regenerative Processes . . . . . . . . . . . . . . . . 135
7.1.2 Ergodic Theorems Based on the First Time

Compression Factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
7.2 Short Time Ergodic Theorems Based on the Second Time

Compression Factor . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
7.2.1 First Type Short Time Ergodic Theorems Based on the

Second Time Compression Factor . . . . . . . . . . . . . . . . . 139
7.2.2 Second Type Short Time Ergodic Theorems Based on

the Second Time Compression Factor . . . . . . . . . . . . . . 141
7.2.3 Third Type Short Time Ergodic Theorems Based on

the Second Time Compression Factor . . . . . . . . . . . . . . 146

8 Ergodic Theorems for Singularly Perturbed Alternating

Regenerative Processes Compressed in Time . . . . . . . . . . . . . . . . . . . . 149
8.1 Singularly Perturbed Alternating Regenerative Processes with

Degenerating Regeneration Times . . . . . . . . . . . . . . . . . . . . . . . . . 149
8.1.1 Super-Long and Long Time Ergodic Theorems . . . . . . 149
8.1.2 Short Time Ergodic Theorems . . . . . . . . . . . . . . . . . . . . 155

8.2 Compression in Time for Singularly Perturbed Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157



x Contents

9 Ergodic Theorems for Super-Singularly Perturbed Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
9.1 Super-Long, Long, and Short Time Ergodic Theorems for

Super-Singularly Perturbed Alternating Regenerative Processes 164
9.1.1 Super-Singularly Perturbed Alternating Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
9.1.2 Super-Long Time Ergodic Theorems for

Super-Singularly Perturbed Alternating Regenerative
Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

9.1.3 Long Time Ergodic Theorems for Super-Singularly
Perturbed Alternating Regenerative Processes . . . . . . . 167

9.1.4 Short Time Ergodic Theorems for Super-Singularly
Perturbed Alternating Regenerative Processes . . . . . . . 169

9.2 Ergodic Theorems for Super-Singularly Perturbed Alternating
Regenerative Processes Compressed in Time . . . . . . . . . . . . . . . . 171
9.2.1 Super-Singularly Perturbed Alternating Regenerative

Processes with Degenerating Regeneration Times . . . . 172
9.2.2 Compression in Time for Super-Singularly Perturbed

Alternating Regenerative Processes . . . . . . . . . . . . . . . . 172
9.3 Generalisations and Classification of Ergodic Theorems for

Perturbed Alternating Regenerative Processes . . . . . . . . . . . . . . . 173
9.3.1 Generalisations of Ergodic Theorems for Perturbed

Alternating Regenerative Processes . . . . . . . . . . . . . . . . 174
9.3.2 Classification of Ergodic Theorems for Perturbed

Alternating Regenerative Processes . . . . . . . . . . . . . . . . 180

Part II Ergodic Theorems for Perturbed Multi-Alternating

Regenerative Processes

10 Perturbed Multi-Alternating Regenerative Processes . . . . . . . . . . . . . 187
10.1 Multi-Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . 187

10.1.1 Definition of Multi-Alternating Regenerative Processes 188
10.1.2 Perturbation Conditions for Multi-Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 191
10.2 Multi-Alternating Regenerative Processes with Removed of

Virtual Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
10.2.1 Procedure of Total Removing of Virtual Transitions for

Modulating Semi-Markov Processes . . . . . . . . . . . . . . . 201
10.2.2 Procedure of Partial Removing of Virtual Transitions

for Modulating Semi-Markov Processes . . . . . . . . . . . . 221
10.3 Multi-Alternating Regenerative Processes with Reduced

Modulating Semi-Markov Processes . . . . . . . . . . . . . . . . . . . . . . . 228
10.3.1 Procedure of One-State Reduction of Phase Space for

Modulating Semi-Markov Processes . . . . . . . . . . . . . . . 228
10.3.2 Modified Procedure of One-State Reduction of Phase

Space for Modulating Semi-Markov Processes . . . . . . 246



Contents xi

11 Time–Space Aggregation of Regeneration Times for Perturbed

Multi-Alternating Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . 255
11.1 Multi-Alternating Regenerative Processes with Removed

Virtual Transitions and Reduced Phase Space for Modulating
Semi-Markov Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 256
11.1.1 Multi-Alternating Regenerative Processes with

Totally or Partially Removed Virtual Transitions for
Modulating Semi-Markov Processes . . . . . . . . . . . . . . . 256

11.1.2 Multi-Alternating Regenerative Processes with
Reduced Phase Space of Modulating Semi-Markov
Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

11.2 Time–Space Aggregation for Regeneration Times Based on
Total Removing of Virtual Transitions . . . . . . . . . . . . . . . . . . . . . . 258
11.2.1 Algorithm of Time–Space Aggregation for

Regeneration Times Based on Total Removing of
Virtual Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258

11.2.2 Summary of Algorithm of Time–Space Aggregation
for Regeneration Times Based on Total Removing of
Virtual Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262

11.3 Time–Space Aggregation for Regeneration Times Based on
Partial Removing of Virtual Transitions . . . . . . . . . . . . . . . . . . . . 264
11.3.1 Algorithm of Time–Space Aggregation for

Regeneration Times Based on Partial Removing of
Virtual Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264

11.3.2 Summary of Algorithm of Time–Space Aggregation
of Regeneration Times Based on Partial Removing of
Virtual Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 268

11.4 Comparison of Recurrent Algorithms of Time–Space
Aggregation for Regeneration Times . . . . . . . . . . . . . . . . . . . . . . . 270
11.4.1 Algorithms of Time–Space Aggregation of

Regeneration Times Based on Total or Partial
Removing of Virtual Transitions . . . . . . . . . . . . . . . . . . 270

11.4.2 Asymptotic Communicative Structure of Phase Spaces
for Modulating Semi-Markov Processes for Embedded
Alternating Regenerative Processes . . . . . . . . . . . . . . . . 277

12 Embedded Processes for Perturbed Multi-Alternating Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285
12.1 Embedded Alternating Regenerative Processes . . . . . . . . . . . . . . 285

12.1.1 Embedded Alternating Regenerative Processes Based
on Total Removing of Virtual Transitions . . . . . . . . . . . 286

12.1.2 Embedded Alternating Regenerative Processes Based
on Partial Removing of Virtual Transitions . . . . . . . . . 300



xii Contents

12.2 Embedded Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . 316
12.2.1 Embedded Regenerative Processes Based on Total

Removing of Virtual Transitions . . . . . . . . . . . . . . . . . . 316
12.2.2 Embedded Regenerative Processes Based on Partial

Removing of Virtual Transitions . . . . . . . . . . . . . . . . . . 326

13 Ergodic Theorems for Perturbed Multi-Alternating Regenerative

Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337
13.1 Ergodic Theorems for Regularly Perturbed Multi-Alternating

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 337
13.1.1 Ergodic Theorems Based on Regularly Perturbed

Embedded Alternating Regenerative Processes with
Totally Removed Virtual Transitions . . . . . . . . . . . . . . . 338

13.1.2 Ergodic Theorems Based on Regularly Perturbed
Embedded Alternating Regenerative Processes with
Partially Removed Virtual Transitions . . . . . . . . . . . . . . 343

13.2 Ergodic Theorems for Singularly Perturbed Multi-Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 346
13.2.1 Super-Long and Long Time Ergodic Theorems

Based on Singularly Perturbed Embedded Alternating
Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 346

13.2.2 Short Time Ergodic Theorems Based on Singularly
Perturbed Embedded Alternating Regenerative
Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353

13.3 Ergodic Theorems for Perturbed Multi-Alternating Regenerative
Processes Based on Embedded Regenerative Processes . . . . . . . 360
13.3.1 Ergodic Theorems Based on Perturbed Embedded

Regenerative Processes . . . . . . . . . . . . . . . . . . . . . . . . . . 360
13.3.2 Relationship Between Ergodic Theorems Based

on Perturbed Embedded Alternating Regenerative
Processes and Embedded Regenerative Processes . . . . 362

A Perturbed Renewal Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367
A.1 Renewal Equation and Renewal Theorem . . . . . . . . . . . . . . . . . . . 367

A.1.1 Renewal Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 367
A.1.2 Non-Arithmetic Distribution Functions . . . . . . . . . . . . . 368
A.1.3 Renewal Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 370

A.2 Perturbed Renewal Equation and Renewal Theorem . . . . . . . . . . 372
A.2.1 Perturbed Renewal Equation . . . . . . . . . . . . . . . . . . . . . 372
A.2.2 Renewal Theorem for Perturbed Renewal Equation . . . 373
A.2.3 Renewal Theorem for Perturbed Renewal Equation

with Transition Renewal Period . . . . . . . . . . . . . . . . . . . 376



Contents xiii

B Supplementary Asymptotic Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379
B.1 Limit Theorems for Stochastic Processes . . . . . . . . . . . . . . . . . . . 379

B.1.1 Limit Theorems for Randomly Stopped Stochastic
Processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379

B.1.2 Slutsky Theorem and Related Results . . . . . . . . . . . . . . 380
B.2 Other Useful Asymptotic Results . . . . . . . . . . . . . . . . . . . . . . . . . . 381

B.2.1 Asymptotically Comparable Functions . . . . . . . . . . . . . 382
B.2.2 Convergence of Lebesgue Integrals in the Scheme of

Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 383

C Methodological and Bibliographical Notes . . . . . . . . . . . . . . . . . . . . . . . 385
C.1 Methodological Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 385
C.2 General Bibliographical Remarks . . . . . . . . . . . . . . . . . . . . . . . . . 389

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 393

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411


