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Foreword

At the beginning of her thesis work, Rédina Berkachy thoroughly examined the
empirical distributions of defuzzified fuzzy quantities. In particular, she focused her
attention on the signed distance measure as a defuzzification tool. She compared this
measure with other methods. Although the signed distance measure was already
well known, surprisingly, little was done to clearly understand the impact on the
defuzzified distribution. For an applied statistician, it is essential to have in mind
the potential repercussions of the tool used on data. The mean, variance, skewness
and kurtosis were particularly observed. It was not very unexpected to find that this
distance measure tends to normalise the data, in the sense that the crisp data obtained
by defuzzification tend to have some characteristics of a normal distribution.

The signed distance measure was applied in global and individual evaluations
of linguistic questionnaires. Based on the normality assumption, confirmed by
the precedent results, testing hypotheses on individual evaluations could be made
rightfully as in classical statistics. It was the start of promising research.

Several distance measures are commonly used in fuzzy statistics. The signed
distance is one among them. It is not a new concept and has been widely applied, for
example, in linguistic questionnaires analyses. Indeed, Rédina Berkachy proposed
two new declinations of this measure, proved their properties and used them in
different contexts or procedures.

Fuzzy inference methods are central in the work of Rédina Berkachy. It is worth
mentioning the use of fuzzy logic principles in the formulation of fuzzy statistical
hypotheses. Doing so, not only the data could be vague or imprecise but also the
hypotheses. The development of fuzzy confidence intervals using the likelihood
function is a remarkable achievement. The approach appears to be general because
the technique is generalisable to many situations. By means of a bootstrap algorithm,
one can simulate the distribution of the fuzzy likelihood ratio and construct a proper
confidence interval. Then, this interval can be used, for example, to test hypotheses.
Furthermore, Rédina Berkachy showed how to properly use the signed distance
measure to defuzzify fuzzy decisions and fuzzy p-values and wrote the decision
rules.
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viii Foreword

Another welcomed result is the proposed fuzzy analysis of variance, in which
the method is generalised to the multi-ways analysis of variance. It is shown that the
decomposition of fuzzy treatment effects is possible, and proper testing can be done
after simulation of the distributions by a bootstrap algorithm. Particularly appealing,
the application of the method is straightforward.

Rédina Berkachy’s book proposes a lot of procedures and methods, which could
discourage a reader. Fortunately, all of them are illustrated by numerous examples.
An R package, named FuzzySTs, is now also available on CRAN. The reader can
install it and run the functions to perform the analyses. On the other hand, the book
is well structured, and since a pedagogical point of view was adopted in writing, its
content is very accessible to everyone. My dearest hope is a warm welcome from
the community, fast dissemination of the results and the acquisition of new fans of
fuzzy statistics.

Prof. Dr. Laurent Donzé



Preface

This book intends to present some advances in fuzzy statistical analyses. A
particular distance between fuzzy numbers, called the signed distance, seems to
be appealing because of its directional property. It has the ability of describing
the direction of travel between two fuzzy numbers. In addition, it has been often
used as a fuzzy ranking tool or a defuzzification operator. Despite the fact that this
distance appears to have interesting properties, it presents serious drawbacks. To
overcome these problems, this book develops improved versions of it given by two
L2 metrics for which the first one is directional and preserves the properties of the
signed distance, and the other one is non-directional. Both sophisticated distances
have the advantage of taking into consideration the shapes of the fuzzy numbers
and their possible irregularities. The core aim of this book is therefore to apply
these novel distances in a series of statistical approaches defined on the set of fuzzy
numbers.

Based on the proposed distances, this book provides a methodology of testing
hypotheses in the fuzzy environment. This method of testing relies on the estimation
of fuzzy confidence intervals, where we consider not only the data as fuzzy, but
also the hypotheses. As such, the defended distances are used at different stages
of the process of the inference test: in the conception of the models themselves or
as defuzzification operators of the obtained fuzzy decisions. Moreover, since the
traditional way of estimating fuzzy confidence intervals is in some sense limited in
terms of the chosen parameters and the involved distributions, this book presents a
practical procedure of estimation of such intervals based on the likelihood method.
This new procedure is seen as general, since it can be used with any type of
parameter and without the obligation of defining a particular distribution a priori.
Analogously to this testing model, a definition of the fuzzy p-value described in
the same setups with its corresponding decision rule is given. In this context, a
defuzzification of this fuzzy p-value can be of good use to get a crisp interpretable
decision.

Furthermore, this book presents two conceptually different applications in which
the defended distances are involved. On a first stage, a novel methodology of
assessment of linguistic questionnaires is developed on two distinct levels: the
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x Preface

global and the individual ones. The proposed procedure has the great possibility of
being able to treat the sampling weights and the eventual missingness occurring in
the concerned data sets. The second application consists an extension of the multi-
ways analysis of variance to the space of fuzzy sets. The decision related to the
corresponding test statistic can be made according to two decision rules: a heuristic
one preserving the fuzzy nature of the sums of squares, and another crisp one based
on the defended distances.

To illustrate these approaches, multiple empirical and simulation studies are
displayed using synthetic and real data sets. Note that a prominent objective of these
studies is to investigate empirically some different statistical contexts, and explore
theoretically the use of the newly introduced distances compared to known ones
from one side and to the results obtained from the conventional statistical theory
from another side. A recurrent general finding is that the classical approach seems
to be a particular case of the fuzzy one. As such, the mentioned fuzzy approaches
seem to be potentially promising.

A coherent R package covering all the previously mentioned concepts with
complete documentation and some use cases are finally described. This package
is developed from scratch in compliance with all the theoretical tools presented
in a user-friendly comprehensive programming environment with a big panoply of
calculation methods.

Fribourg, Switzerland Rédina Berkachy
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