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INVARIANT THEORY, THE RICCATI GROUP,
AND LINEAR CONTROL PROLLEMS

J. CASTI
New York University, U.5. A,

hbstract

The classical algebraic theory of invariant
is applicd to the linecar-quadratic-gaussian contrgl
problem to derive a canonical form under a certain
matrix transformation group. The particular group
of transformations, termed here the "Riccati group,"
is induced from the matrix Riccati eguation charac-
terizing the LG problem solution.

Exanmples of the invariant-theoretic approach are
given along with a discussion of topics meriting
further study, including geometric interpretation of
the group orbits, extension of the Riccati group, and
connections with the generalized X-Y functions.

1. Introduction

One of the principal themes of nineteenth-century mathematics
was the theory of invariants of transformation groups. This
theory, developed to a high degree of sophistication by Hilbert,
Cayley, Sylvester, Gordan, Dickscn, and other, has been more
or less relegated Lo the backwaters of mathemavical activity
until rather recently. A fascinating account of the rise and
fall of the thecry from the sociological point of view is given
in [1,2}.

In connection with renewed interest in invariant theory on
the part of modern algebraists, there has been a corresponding
interest in the use of invariant theoretic-techniques to shed
light on cortain algebraic issues arising in system theory.
Sincc 1970, a number of papers have appeared [cf. 3-7] in which
the genefal techniques developed by the nineteenth-century alge-
braists have beecn employed to characterize certain minimal-para-

meter canonical forms for constant, finite-dimensional linear
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i} indepeondent if no algebraic relations exist among the
polynornials;

ii) complote if pﬂ(q) = pu(q') for all a ¢ A implies g = ggq'

for sone g & ¢.
The basic worl cited above has been devoted to the determination
of a complete, indepandent set of invariants and the associated
Gt e for o thoe linear system §ousing various cholecs
of the group 9.

Our objective in this report is to extend the basic results
obtained four the linear system I to the case in which a quadratic
cost functional

T
J :f [(x,0x) + 2(x,Su) + (u,Ru)lds + (x(7),Pyx(M))
t

with 0 =Q', B > 0, PO = Pé, is adjoined. Thus, we deal with the
question of determining a complete, independent set of invariants
for the so-called "lincar-guadratic-gaussian" (LOQG) problem. 1%
will be shown that choosing ¢ to be what we term the "piccati group",
such a set of invariants may be obtained for the LOG problem.

The general plan of the paper is to present, tirst of all,

a brief revicw of the basic ideas of invariant theory with
special emphasis on their use in linear system problems. We
then give a formulation of the LQG problem which is particularly
suitable for our purposes and define the transformations com-
prising the "Riccati" group. The next section contains the main
results of the paper, namely a complete, independent set of in-
variants and the associated canonical form for the LOG problem.
The paper concludes with a discussion of unresolved issues, as
well as the connections of the current results with the general-

ized X-Y functions introduced in [9-11].

2. Invariant Theory and Linear Systems#

In gencral terms, invariant theory addresses the following
situation: a fixed yroup ¢ acts on certain mathcmatical "quan-

titjies™ g. An {(absolute) algebraic invariant of g with respecet

* A more complete treatment of these matters is given in [22].





